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The focusing of a relativistic electron beam in a bipotential electrostatic lens is discussed. An iterative
scheme for the solution of the paraxial ray equation is used to derive approximate analytic formulas for
the lens parameters and lens transfer matrix elements. The formulas are compared to results of direct

numerical integration of the paraxial ray equation.

PACS number(s): 41.85.—p, 41.75.—i

I. INTRODUCTION

Chen and Reiser [1] recently presented a discussion of
the focusing properties of a bipotential electrostatic lens
in the thin lens approximation, extending the existing
paraxial theory [2] to the relativistic regime. Results of
such an analysis are applicable to electrostatic accelera-
tion systems as well as linear induction accelerators for
which the gap crossing time of a particle is short com-
pared with the time scale on which the electric field
varies. The present communication is an extension of the
work of Chen and Reiser in which we develop an itera-
tive scheme for the approximate solution of the relativist-
ically correct paraxial ray equation. Analytic formulas
are derived for the focal lengths f,, f, and the distances
of the principal planes from the center of the lens, d,, d,.
The approximate analytic formulas of Ref. [1] can be in-
terpreted as the first step (n =1) of the iterative scheme
developed below. (Some discrepancies between our nu-
merical results and those of Ref. [1] will be noted.) We
carry the process one step further (n =2), and the formu-
las so derived are found to be in excellent agreement with
numerical integration of the paraxial ray equation over a
wide range of initial and final beam voltages.

The paper is organized as follows. Section II contains
a description of the bipotential lens model and a state-
ment of the paraxial ray equation to be solved. An itera-
tive scheme for solving the equation is derived in Sec. III.
Analytic formulas for the lens parameters are presented
in Sec. IV and are compared to results from direct nu-
merical integration.

II. LENS MODEL
AND RELATIVISTIC PARAXIAL RAY EQUATION

We consider a symmetrical two-cylinder lens with ra-
dius b and negligibly small separation § <<b (see Fig. 1).
For this case, the electric field distribution along the axis
of the pipe is described to a good degree of accuracy by
the potential function [1,2]

(Vx+V2) (VZ.—VI)
2 2

where a=1.32/b and z =0 at the center of the gap. (We
have followed the notation of Ref. [1] wherever possible.)

V(z)= tanh(az) , (1)
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The relativistic factor y then varies according to

2= (yi+v)  (ra—vy)
2 2

The relativistically correct paraxial ray equation can be
written as [3]

r L+ L —r=0, 3)
By 2By
where the prime in Eq. (3) denotes d /dz, and ¥, y’, and

y" are determined from Eq. (2). Introducing the ‘re-
duced” variable

tanh(az) . (2)

R(z)=r(2)[yXz)—1]* 4)
results in the equation
R"(z)+G(2)R(z)=0, (5)
where
_ Aad? | 301—8%)% | (1—&%)?
G(§) 2 D + D . (6)
E=tanh(az), and D = AE>+BE+C, where
_(ram v Ap?
A= 2 =4 (7
B=2Y(y + 8)
= ) 71 7/2)1 (
(y1+7,)?
c=-1"Tr0 ©)
4
v=v, AF V=Vy
!
;b
i

FIG. 1. Bipotential electrostatic lens of radius b and gap sep-
aration 6.
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In what follows, we will also make use of the functional
definitions

Sey=_ G _ 4 3(1—€%) |, (1—&2)
GO=Gica e | ot T b (10)
and

= (=

F§)= [ Ggpag, . (11)

III. ITERATIVE SOLUTION
OF THE PARAXIAL RAY EQUATION

Consider the trajectory r(z) shown schematically in
Fig. 2. The focal length f, on the downstream (image)
side of the lens is given by

1 . r'(z) (ri=D'Y* 4
——=—lim =—
f2 Z— 0 rl

(P-4

= lezan:of R"(z,)dz,

(=17 R R

(Y _1)1/4

m R, f G(Z)R (z)dz , (12)

where we have used Eq. (5). We can also see that

A= lim [r,—r(z)+zr'(z)]

zZ—®

=r,—# llm [R(z)—2zR'(2)] . (13)

Using the relation

R()—zR'(2)=R,+ [* 2,G(z/)R(z))dz,,  (14)

we can write

A_|,_rizv”
ry (’}’%_1)1/4
( 2_1)1/4 -
_(_:%‘IWZ.[ 2G(z)R (z)dz . (15)
27 —

Making use of Egs. (12)-(15), we define the following
iterative scheme:
R‘O)(z)=R1=r1(y%—1)1/4=const , (16)

1 (Y _1)1/4

f(Z") (,}, _1)1/4 R

- _G(2R"N(2)dz an

FIG. 2.

Schematic  of
r(—e)=r,,r'(—«)=0. Focal length f, and distance to the
principal plane d, shown.

trajectory  r(z)  with
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_A__ (n)= I (,y%___l)l/4
r (y2_1)1/4

(ri—D'* 1 (n—1)
m R ZG(Z)R n (z)dz ’
(18)
(n)

ap=r | 2| 19

T
(R@N"==[* Gz)R"z\)dz, , (20
R"™2)=R+ [* (R'(z;)"dz, , @1)
with n=1,2,.... Equations (16)-(21) can be used to

determine the focal length f, and the distance d, of the
corresponding principal plane from the center of the lens.
The focal length f; on the upstream (object) side of the
lens and the distance d, may be found by interchanging
v and ¥, in the expressions for f, and d,, respectively.
Explicit analytic formulas for n =1 and 2 have been
worked out and are given below.

IV. ANALYTIC AND NUMERICAL RESULTS

A. First order (n =1) expressions

1 _(7’%_1)1/40! 1 =
f(zl) - (y%_l)l/:t f_lG(g)dg ’ (22)

A (1).— 1_(,},%_1)1/4
r (yi—1)174
(PiI=DY* o (1+8)
i G @ Tgas. @3
In terms of the following integrals
Sirur)=[ e, 4
Sitrvra=[! G tEde, 25)

the n =1 expressions for the focal lengths f,, and d, ,
are as follows:

1 _ (ri—D"a
—f:=(—21—)1/T-S 1{(Yi72) (26)

(y3—112
1=_—(7,%_1)1/2 2 (27)
d, (y3—1)174 (}'1—1)1/4
| T A | T A e

(28)

d, (y3—1)14 (7 —1)17
—=|1— S,(¥27Y1) - (29)
2 (PI—)7 1) Y271

Equation (26) is the same as Eq. (30) of Ref. [1], where
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TABLE 1. Results from direct numerical integration of Eq.
(3) for the lens parameters f , and d, , for various values of ini-
tial and final beam voltages.
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TABLE III. (a) Results of n =1 analytical approximation for
lens parameters f, , and d, , using Egs. (26)-(31), and (b) frac-
tional error in (a) relative to numerical results in Table I.

v, v,
&kv) V)  b/f, dy/b b/f, —d, /b

100 200 002995  6.04282 004421 499153
100 300 006436 442778 0.12101 327167
100 400 009077  3.95836 020437  2.70395
300 400 0.00557 1553028 0.00667 14.19516
300 500 001618 938950 0.02242  7.98924
300 600 0.02777 737422 004350  5.91252
500 600  0.00229 2607060 0.00259 24.51745
500 700 0.00738 14.77459  0.00929  13.17518
500 800 001371 11.02536 0.01898  9.38230

the integration in Eq. (24) was carried out. We have also
carried out the integration in Eq. (25), and exact expres-
sions for S(y,7,) and S,(v,,7,) are as follows:

PPV O (e £ 1101 WLl 3~ 1
WYY 4 Ay 'yf—l
( —5) +1
Nt 1 Y2 s, (30)
Ay v +1
2
3 y3—1 1
32(71,72)—' 161n Y%_l +32A,},
v, t+1
_ Ay 2
2 ’}/2—1
—[(y,+2)y;+2)—9]In
yi—1
31
Note that S,(y,,7,)=S(yvy) and S,(y,7v,)
=—=8(r»71)

The lens matrix elements [(a,;,a},),(a,;,a,,)] can be
written in terms of f,, and d,, [see, for example, Eq.
(35) of Ref. [1]]. Using direct numerical integration of
Eq. (3), we have calculated tables for f, ,,d;, (Table I),
and for the transfer matrix elements (Table II). (We
should point out that there are discrepancies between our
results and those presented in Table I of Ref. [1]. We be-

TABLE II. Numerical results for the lens matrix elements.

Vi V)

kV)  (kV) ap ap,/b ayb arn

100 200 0.81901 0.006 26 —0.02995 0.827 06
100 300 0.71501 0.01581 —0.064 36 0.74247
100 400 0.64071 0.025 60 —0.09077 0.689 57
300 400 0.91348 0.00105 —0.005 57 0.914 10
300 500 0.848 04 0.00320 —0.016 18 0.85121
300 600 0.79521 0.005 80 —0.02777 0.802 57
500 600 0.94028 0.00043 —0.00229 0.940 44
500 700 0.89091 0.00141 —0.007 38 0.891 84
500 800 0.848 81 0.002 68 —0.01371 0.85122

(a)
100 200 0.03022 5.98701 0.044 60 4.95192
100 300 0.065 81 4.32640 0.12373 3.21302
100 400 0.094 03 3.81640 0.21172 2.63315
300 400 0.00558 15.50702 0.00668 14.17499
300 500 0.01626 9.34488 0.02252 7.954 65
300 600 0.02801 7.30956 0.04387 5.866 84
500 600 0.00229 26.05515 0.00259 24.503 35
500 700 0.00740 14.74447 0.00931 13.14980
500 800 0.01377 10.98120 0.01905 9.34757
(b)
100 200 0.00894 —0.00924 0.00894 —0.00794
100 300 0.02250 —0.02290 0.02250 —0.01793
100 400 0.03599 —0.03586 0.03599 —0.02618
300 400 0.00147 —0.00150 0.00147 —0.00142
300 500 0.00463 —0.00475 0.00463 —0.00433
300 600 0.00855 —0.00877 0.00855 —0.00773
500 600 0.00059 —0.00059 0.00059 —0.00058
500 700 0.00200 —0.00204 0.00200 —0.00193
500 800 0.00391 —0.00401 0.00391 —0.00370

lieve that the numbers in Tables I and II are correct to
the accuracy shown.) The corresponding results obtained
from the n =1 analytic expressions [Egs. (26)-(31)] are
given in Tables III and IV, respectively. In each case,
comparison is made to the numerical results of Tables I
and II.

TABLE IV. (a) Results of n =1 analytical approximation for
lens matrix elements, and (b) fractional error in (a) relative to
numerical results in Table II.

kV)  (kV) a;, a;,/b aub a,,
(a)
100 200 0.81907 0.000 55 —0.03022 0.82720
100 300 0.71527 0.002 99 —0.065 81 0.743 35
100 400 0.64113 0.006 81 —0.09403 0.69174
300 400 0.91348 0.00002 —0.00558 091410
300 500 0.848 06 0.000 16 —0.01626 0.85125
300 600 0.79527 0.000 49 —0.02801 0.80269
500 600 0.94028 0.000 00 —0.00229 0.94044
500 700 0.89091 0.00003 —0.00740 0.89185
500 800 0.848 83 0.00011 —0.01377 0.85124
(b)

100 200 0.00008 —0.91273 0.00894  0.00017
100 300 0.000 36 —0.81060 0.02250 0.00118
100 400 0.000 65 —0.73398 0.03599 0.00315
300 400 0.00000 —0.98375 0.00147  0.00000
300 500 0.00003 —0.95128 0.00463 0.00004
300 600 0.00008 —0.91526 0.00855 0.00015
500 600 0.000 00 —0.993 66 0.00059  0.00000
500 700 0.00001 —0.97902 0.00200 0.00001
500 800 0.000 02 —0.96041 0.003 91 0.00003




50 RADIAL FOCUSING OF A RELATIVISTIC ELECTRON BEAM . ..

B. Second order (n =2) expressions
L _ -1
ftzz) - (7%_1)1/4

X[S1(y1p72) +S1(y 1,728, (v 1,72)

—S3(v172)], (32)
where
S;(yl,n)=f_IIF(§)§(§)ln8—igd§, (33)
A (2)= l_(,y%_l)l/4
2 (3— D7
(,},2_1)1/4
—W[sz(YszH”%S%(?’p?’z)
=S (vp7)], (34)
where
Sqrpra=[ ilf(§)5(§)}ln22—}%§§%d§ . (35)

The integrals S5 and S, were approximated by first doing
an integration by parts and then approximating the re-
sulting integrands with simple polynomial fits. Also, con-
sider the factor in brackets in Eq. (32):

H(y,v2)=[S1(v1,72)
+81 (Y7282 (v 1Y) —S3(Y1,72)] -
TABLE V. (a) Results of n =2 analytical approximation for

lens parameters [, , and d, , using Eqgs. (36)-(45), and (b) frac-
tional error in (a) relative to numerical results in Table I.

(a)
100 200 0.02996 6.04210 0.04421 4.99100
100 300 0.06437 442753 0.12102 3.27099
100 400 0.09071 3.96089 0.20423 2.70272
300 400 0.00557 15.52996 0.00667 14.19490
300 500 001619 9.38887 0.02242 7.98876
300 600 0.02777 7.37337 0.04351 5.91191
500 600 0.00229 26.07040 0.00259 24.51726
500 700 0.00738 14.77417 0.00929 13.17484
500 800 0.01371 11.02474 0.01898 9.38183
(b)
100 200 0.00013 —0.00012 0.00013 —0.00011
100 300 0.00008 —0.00005 0.00008 —0.00021
100 400 —0.00066 0.00064 —0.00066 —0.00045
300 400 0.00002 —0.00002 0.00002 —0.00002
300 500 0.00007 —0.00007 0.00007 —0.00006
300 600 0.00012 —0.00012 0.00012 —0.00010
500 600 0.00001 —0.00001 0.00001 —0.00001
500 700 0.00003 —0.00003 0.00003 —0.00003
500 800 0.00006 —0.00006 0.00006 —0.00005
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It can be shown rigorously that H(y,y,)=H(v,7,)-

With the approximation we used for the integral S5, how-

ever, H was better approximated using y,;=y . and

Y,=7v> where y .=min(y,,¥,) and ¥, =max(y,¥,).

As a result, our n =2 expressions for f , and d, , are
L= i-)"a [S( )+S,( )S,( )

A (‘y%—l)]/‘ 172 1Yp?29:2Y 7>

_§3(7<’7’>)] ’ (36)
(yi—1)12
flz(y%_1)1/2f27 (37)
d2 3 (7%_1)1/4 B (,y%__l)l/4
fa W=D | =D
X[S,(v1,72) 183 (v1,72)
—Sa(rp72)] (38)
di _|,_ =0 =™
fi i=DY* | (-

X[Sy(y7 1)+ 183 (v2,71)
—S4(r271)] - 39)

In Egs. (36)-(39), §; and S, denote the approxima-
tions to the integrals S; and S, defined below. Some ad-

TABLE VI. (a) Results of » =2 analytical approximation for
lens matrix elements, and (b) fractional error in (a) relative to
numerical results in Table II.

V1 (kV) Vz (kV) apn a /b a21b a
(a)
100 200 0.81901 0.00621 —0.02996 0.82707
100 300 0.71500 0.01620 —0.06437 0.74244
100 400 0.64072 0.02748 —0.09071 0.68929
300 400 091348 0.00103 —0.00557 0.91410
300 500 0.84804 0.00316 —0.01619 0.85121
300 800 0.79521 0.00575 —0.02777 0.80257
500 600 0.94028 0.00042 —0.00229 0.94044
500 700 0.89091 0.00138 —0.00738 0.89184
500 800 0.84881 0.00264 —0.01371 0.85122
(b)
100 200 0.00000 —0.00832 0.00013  0.00000
100 300 —0.00001 0.02427 0.00008 —0.00004
100 400 0.00001 0.07366 —0.00066 —0.00040
300 400 0.00000 —0.01817 0.00002 0.00000
300 500 0.00000 —0.01456 0.00007 0.00000
300 600 0.00000 —0.00846 0.00012  0.00000
500 600 0.00000 —0.01894 0.00001 0.00000
500 700 0.00000 —0.01767 0.00003  0.00000
500 800 0.00000 —0.01554 0.00006  0.00000




1500 T. C. GENONI 50

ditional expressions used in the definitions of S5 and S, are

Ay? [(71+7,7+8]

(71,72)=G(0)= , (40)
gol7 1,72 4 [(7’1+7’2)2_4]2
dG Ay? (¥3i+2)
(YuY)=—, =- — 3 (41)
g1V 172 dg- =1 8 (’}’%‘_1)2
- 1 3 [ralvitry)—2]
(Y72)=F0)=———=
Folvvra 4 4 [(71+72)2_4]
+ In — (42)
8Ay 2y, — 1 8Ay 2(y,+1)

We note also the relation
Folv v+ oy )=81(v1,72) . (43)
In terms of Eqgs. (40)-(43),
S3(v1u¥2)=—F3rir2) 381 (v 172
*2—351(71’72)81(71772) s (44)

54(7’177’2)2%3%(7’1,7’2)
+[3In2=2]fo(y1,72)80(7Y1,72)
+4(3—In2)S (v, 72)8:1 (¥ 1,72) - (45)

f

Results of calculations using the n =2 formulas, Eqgs.
(36)—(45), are shown in Table V and VI. Excellent
agreement with results from numerical integration of Eq.
(3) is apparent over the entire range of values of V| and
V, considered. The n =2 expressions have been imple-
mented in a beam transport code used to model the Dual
Axis Radiographic Hydro-Test (DARHT) linear ac-
celerators at Los Alamos National Laboratory [4].
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